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Measurement of excited-state lifetime using
two-pulse photon echoes in rubidium vapor
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We report a measurement of the 5P3/2 excited-state lifetime using two-pulse photon echoes in Rb vapor. The
measurement is precise to �1% and agrees with the best measurement of atomic lifetime in Rb. The results
suggest that a measurement precise to �0.25% is possible through additional data acquisition and study of
systematic effects. The experiment relies on short optical pulses generated from a cw laser using acousto-optic
modulators. The excitation pulses are on resonance with the F=3→F�=4 transition in 85Rb or the F=2→F�
=3 transition in 87Rb. The resulting photon echo signal is detected using a heterodyne detection technique. The
excited-state lifetime is determined by measuring the exponential decay of the echo intensity as a function of
the time between the excitation pulses. We also present a study of the echo intensity as a function of excitation
pulse area and compare the results to simulations based on optical Bloch equations. The simulations include
the effects of spontaneous emission as well as spatial and temporal variations of the intensities of excitation
pulses. © 2007 Optical Society of America

OCIS codes: 020.1670, 020.490, 300.6240.
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. OVERVIEW
nowledge of atomic lifetimes is essential for a wide

ange of experiments in laser spectroscopy, such as atom
nd ion trapping,1 trace-gas analysis, and remote sensing.
recision measurements are also essential for testing
uantum-mechanical calculations of level structures.2–4

Precision measurements of natural linewidths and
tomic lifetimes have generally involved scanning a probe
aser with a narrow linewidth or observing the decay of
he atomic fluorescence using photon-counting tech-
iques. The dominant systematic effects in these experi-
ents are the contributions of laser linewidth and radia-

ion trapping. As a result, these experiments have
equired the development of sophisticated experimental
etups. In this paper we show the suitability of a widely
stablished coherent transient technique, namely the
hoton echo, for obtaining a precision measurement of an
tomic lifetime. This is a well-known technique for can-
eling the effect of atomic velocity distribution and has
he advantage of being insensitive to the effects of radia-
ion trapping and laser linewidth.

During the past ten years, several techniques have
een perfected for precision measurements of atomic life-
imes. In Ref. 5 a laser with a linewidth of only a few ki-
ohertz was used to measure the natural linewidth in a
ample of velocity selected laser-cooled Na atoms to a pre-
ision of �0.25%. This technique requires the develop-
ent of a laser with a narrow linewidth. Such lasers have

een constructed in only a small number of groups. An al-
ernative technique for measuring the atomic lifetime
ith comparable precision involves exciting a sample of

rapped atoms with a laser pulse and observing the fluo-
escence decay using photon-counting techniques.6 This
equires specialized expertise to detect small numbers of
hotons and develop suitable counting electronics. In con-
0740-3224/07/030671-10/$15.00 © 2
rast, the photon echo technique does not involve these
hallenges and can be widely accessible to a large number
f experimental groups. Other techniques that have been
eveloped include photoassociation spectroscopy7 and fast
tomic beam experiments.8,9

Although photon echoes have been used extensively to
easure relaxation rates in atomic and molecular

pecies,10 collisional rates,11 diffractive collisions,12

tomic level structure,13 and lifetimes in solids and doped
rystals,14,15 to the best of our knowledge, it has not been
sed for atomic lifetime measurements.
In this paper, we demonstrate a precision measurement

f the relatively short-lived lifetime ��27 ns� of the 5P3/2
evels in Rb vapor. We have also investigated a number of
otential systematic effects. We report a measurement
hat is precise to �1% and show that a precision of
0.25% is realistically attainable by accumulating more

ata following a detailed understanding of systematic ef-
ects. We have also investigated the echo intensity as a
unction of the excitation pulse areas. We compare our re-
ults to numerical simulations of the optical Bloch equa-
ions for a two-level system.

The rest of this paper is organized in the following
anner: In Section 2, we discuss the concepts related to

he photon echo and present the functional dependence of
he signal intensity on the time separation between the
xcitation pulses. Section 3 contains experimental details
nd a description of the procedure for extracting the life-
ime. Section 4 is devoted to results and discussion asso-
iated with the precision measurement of the lifetime. In
he same section, we also present the measured depen-
ence of the echo signal intensity as a function of excita-
ion pulse areas. The results are compared to numerical
imulation based on the theory of two-level atoms. The
etails of the simulations are presented in Appendix A.
007 Optical Society of America
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. THEORETICAL CONCEPTS
pin echoes16 and photon echoes17 are well understood
nd have been studied extensively over the past 50 years.
n a typical photon echo experiment involving dilute
tomic gases, a laser pulse is applied at t=0 to create a
oherent superposition of ground and excited states.18

wing to Doppler broadening, the superposition dephases
ith time. At t=T a second pulse is applied and rephases

he superposition so that dipole radiation occurs at t
2T (photon echo). The decay of the echo signal as a func-

ion of T can be used to measure various relaxation ef-
ects.

The basic properties of a two-level atom and its inter-
ction with an external electric field are based on the
reatment in Refs. 18–20. This treatment can be used to
escribe coherent transient effects such as free induction
ecay and photon echoes using a semiclassical Bloch vec-
or model.

In a typical photon echo experiment involving an inho-
ogeneously broadened sample, a � /2 pulse applied at t
0 will rotate the Bloch vector associated with the mac-
oscopic dipole moment to the uv plane. Following the
ulse, the Bloch vectors associated with the individual at-
ms will precess freely around the w axis. Owing to Dop-
ler broadening, the precession occurs with different
ates for different atoms, resulting in rapid dephasing of
he macroscopic dipole moment free induction decay. It is
ossible to reverse the dephasing process after some time
=T using a � pulse. This creates a rephased dipole mo-
ent resulting in an echo at time t=2T. A schematic rep-

esentation of the process of echo formation is shown in
ig. 1.
For a Doppler broadened gas, in the absence of colli-

ional dephasing, the echo intensity depends only on ra-
iative decay. This dependence is given by

I = I0 exp�−
2T

�
� . �1�

ig. 1. Bloch vector representation. (a) Macroscopic Bloch vect
mmediately after � /2 pulse. (c), (d) Bloch vector dephasing. (e)
The laser linewidth and the temporal shape of the ex-
itation pulses determine the velocity distribution that
ontributes to the echo formation. Although these factors
ffect the signal strength, they do not affect the decay
ime constant. Similarly, the intensity, temporal shape of
he excitation pulses, and sample density affect the echo
mplitude and pulse propagation but not the decay time
onstant. Spontaneous emission during the excitation
ulses is also not expected to affect the decay time con-
tant.

. EXPERIMENTAL SETUP
n photon echo experiments, it is necessary to use excita-
ion pulses that are shorter than the excited-state life-
ime. This will limit the effects of spontaneous emission
n the evolution of the echo. Previous experiments11 were
erformed using short dye laser pulses that excited the
ntire Doppler profile. To make a lifetime measurement,
t is necessary to measure the echo amplitude as a func-
ion of time delay between the excitation pulses. In ex-
eriments with dye lasers it is difficult to control the de-
ay time owing to the jitter associated with the laser Q
witches and the inconvenience of adding optical delays.
herefore, photon echo measurements have generally
een confined to measuring collisional rates11 and life-
imes of long-lived relaxation rates.10

We have used a cw Ti:sapphire ring laser as a source of
he excitation pulses. The laser has a linewidth of
1.5 MHz. The linewidth was inferred by measuring the

eat note between this laser and a grating stabilized di-
de laser.

The laser beam is sent through a chain of acousto-optic
odulators (AOM) to derive the different laser frequen-

ies used in the experiment. The optical pulses are gener-
ted by pulsing the AOMs.
Frequency locking is achieved by diverting a small por-

ion of the laser light through a dual-pass AOM into a
aturated absorption spectrometer. The dual-pass AOM

resenting all atoms in the ground state. (b) Superposition state
on due to � pulse. (f) Bloch vector rephasing (photon echo).
or rep
Inversi
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perates at 70 MHz. The laser is modulated and is locked
o within 1 MHz to the appropriate Doppler-free hyper-
ne peak using a lock-in amplifier. This ensures that the

aser beam directed to the experiment is 140 MHz above
he F=3→F�=4 transition in 85Rb or the F=2→F�=3
ransition in 87Rb. Since the excited state is a 5P3/2 level
n both isotopes, it can be estimated that any isotopic de-
endence is negligible, since the ratio of the isotropic en-
rgy difference to the optical frequency is �10−5. To check
or possible systematic errors in our technique, we carry
ut the experiment in both isotopes.

The photon echo is generated in a 7 cm long vapor cell
ontaining a natural abundance of Rb isotopes (�72% of
5Rb and �28% of 87Rb). The vapor density can be varied
y heating the cell to the desired temperature. Because
he optical windows of the cell are made from thicker
lass than the rest of the vapor cell, the windows are
eated individually by tape heaters placed around them.
hus, we avoid the possibility of coating the cell windows
ith Rb.
The cell was wrapped in thermally insulating material

nd placed inside a solenoid. The solenoid containing the
ell was placed inside a box, which further thermally in-
ulated it from the environment. Circularly polarized ex-
itation pulses were used, and the solenoid was used to
rovide a weak quantizing magnetic field of �1 G.
It was possible to achieve temperatures of �30°C using

he heating tape alone. To heat the cell to a higher tem-
erature, we used a variable hot-air blower and directed
he air stream into the box containing the cell. Thus, we
ere able to achieve temperatures as high as 60°C. The

emperature was monitored using a digital thermometer
ith the sensor attached to the side of the cell. Under

ypical operating conditions, the cell temperature was
table to within ±2°C.

To verify the change in vapor density as a function of
emperature, we scanned a weak probe laser across the

ig. 2. Optical layout. 1/2 and 1/4 represent � /2 and � /4 wave
lates, respectively.
tomic resonance and observed the change in the Doppler
roadened absorption profile.
The experimental setup is shown in Fig. 2. Short-pulse

eneration was achieved by focusing and spatially filter-
ng light into an AOM operating at 400 MHz. As a result,
he pulses have a temporal Gaussian profile with a
WHM of �20 ns. The resulting pulse bandwidth is much

arger than the laser linewidth but smaller than the
oppler-broadened width of the transition.
Acoustic wave pulses are generated by rf pulses applied

o the AOMs. We use phase-locked, voltage-controlled os-
illators (VCO) to generate the rf frequencies used for
riving the AOMs. The output of the VCO is turned on or
ff by transistor–transistor logic (TTL) switches and rf
ixers connected in series. This arrangement ensures rf

n/off ratios of �10,000:1. The corresponding on/off ratio
or the optical pulses is measured to be �5000:1. The in-
ensity of the background is mostly due to light that is
00 MHz off resonance and scattered into the excitation
irection.
The TTL switches and the rf mixers are controlled by

igital delay generators so that the delay time between
he pulses can be varied with a precision of 1 ps. Another
OM operating at 260 MHz is placed before the 400 MHz
OM to upshift the laser frequency, as shown in Fig. 2.
he 400 MHz AOM down shifts the laser frequency, shift-

ng it on resonance. The rf period associated with the
00 MHz is 2.5 ns. Therefore, the time between the exci-
ation pulses is varied in steps of exactly 2.5 ns to ensure
hat the rf pulse amplitude remains constant.

We use optical heterodyne detection to measure the
mplitude of the electric field of the echo. This technique
nvolves using a local oscillator (LO) beam that is derived
y using a separate 260 MHz AOM, as shown in Fig. 2.
he echo signal is combined with the LO on a beam split-

er and directed into fast silicon p-i-n photodiodes (rise
ime of �1 ns). The photodiodes detect the echo by the
resence of a 400 MHz beat note. This beat note is ampli-
ed, filtered, and sampled on a digital oscilloscope. Digital
elay generators and VCOs are phase locked to a 10 MHz
ignal from a Rb atomic clock with a short-term stability
f 5�10−11. This arrangement allows heterodyne signal
veraging by triggering the oscilloscope using TTL pulses
rom the delay generators. The heterodyne detection sys-
em was calibrated to ensure that the measured beat sig-
al is a linear function of the echo signal amplitude and
he detection system has a linear response for the range
f our operating conditions.

The echo decay time can be measured by varying the
ime between the excitation pulses T and recording the

ig. 3. Oscilloscope signal trace. (a) Signal run. (b) Background
un (first pulse off).
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cho amplitude. For each data point, we average 128 rep-
titions of the experiment with both excitation pulses on
nd repeat the experiment with the first pulse turned off
o obtain the background. In both cases, the oscilloscope
races shown in Fig. 3 are squared and integrated to ob-
ain the echo intensity.

The result from the background trace is subtracted
rom the result of the signal trace. This quantity is pro-
ortional to the intensity of the echo and is plotted as a
unction of 2T. Since the intensity is expected to show an
xponential decay, as shown in Eq. (1), we fit the natural
ogarithm of the intensity as a function of 2T to a straight
ine. The negative inverse of the slope gives the excited-
tate lifetime [see Fig. 4(a) and 4(b)]. Residuals of the lin-
ar fit are shown in Fig. 4(c). We note that no systematic
eviations from the fit were observed in all the data sets
sed in this work.

. RESULTS AND DISCUSSION
e now discuss possible systematic effects that could af-

ect the lifetime measurement. We varied the parameters
ffecting the echo intensity and measured the echo decay
ime constant. These include the intensity and durations
f the excitation pulses, cell temperature, strength of a
uantizing magnetic field, and the beam diameter of the
xcitation pulses.

Figures 5(a) and 5(c) show the effects on the echo life-
ime by varying the width and the amplitude of the first
ulse, respectively. These parameters define the pulse

ig. 4. Echo intensity fits. (a) Exponential decay of the echo int
unction of 2T with linear fit. The slope results in a lifetime measu
t for (b).
rea of the first pulse. To vary the excitation-pulse ampli-
ude and width, we adjust the voltage and duration of the
ontrol pulses connected to the TTL switches and mixers.

The horizontal axis represents the integrated intensity
f the pulse recorded on a photodiode (pulse intensity).
he data were fit to a straight line. The error in the slope

s found to be larger than the absolute value of the slope.
n this case it is reasonable to conclude that the slope is
ero and that there is no systematic effect on the first
ulse intensity.
We have used the same criterion to rule out systematic

ffects due to all the parameters listed above. The results
ertaining to the cell temperature and the beam diameter
re also shown in Fig. 5. The cell temperature was varied
y adjusting the current through the tape heaters and by
egulating the hot-air blower. Over the range of tempera-
ures, the optical depth at line center was varied from
0.7 to �3. It is well known that increasing the vapor

ensity can affect the propagation of the echo pulse,21 but
e do not expect or observe an effect on the decay time.
The quantizing magnetic field was varied between
to �2 G by adjusting the current to the solenoid. Al-

hough the magnetic field affects the echo amplitude, it
id affect the decay time.
The diameter of the excitation beams was varied be-

ween �1 to �2.5 mm and measured using a scanning-
nife-edge beam profiler.22 Assuming a Gaussian laser
eam profile, it can be shown that the expression for the
cho intensity including the effect of transit time decay is
iven by23

as a function of 2T. (b) Natural logarithm of echo intensity as a
t of �=25.25±0.38 ns. (c) Residuals: difference between data and
ensity
remen
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I� =
��au�4

�7 + 10uT2/a2�2e−2T/�. �2�

ere, a is the 1/e2 beam radius and u is the most prob-
ble speed. The effective decay time extracted from Eq. (2)
s plotted in Fig. 6 as a function of beam radius. The pre-
ictions of this model are consistent with the data in Fig.
and suggest that the effect of transit time decay is neg-

igible for the beam sizes used.
Since we did not find any systematic trends, the final
alue for the lifetime was determined on the basis of a e
ouble-blind study by averaging 67 equally weighted data
ets distributed between both 85Rb and 87Rb isotopes. The
istribution of points is a Gaussian and is shown in Fig. 7
ith an average value �=26.47±0.30 ns. The quoted error

epresents the standard deviation of the mean (1� uncer-
ainty). The measurement has a precision of 1.14% and is
n agreement at the level of 1� with the best measure-

ent in Rb6 �26.20±0.09 ns�. This measurement as well
s our results disagree with a previous measurement of
ef. 24 at the 1� level �27.0±0.5 ns�.
A systematic effect that we have not tested for is the
ffect of collisional dephasing on the echo lifetime. Never-
ig. 5. Echo intensity dependence on (a) first pulse width, slope=1.142±3.862; (b) second pulse width, slope=8.539±26.999; (c) first
ulse amplitude, slope=1.164±4.377; (d) second pulse amplitude, slope=−2.023±6.148; (e) temperature, slope=−0.162±0.334 ns/ °C; (f)
agnetic field current, slope=0.775±1.209 ns/A; (g) beam diameter, slope=0.00152±0.00305 ns/�m.
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heless, it is possible to rule out this effect on the time
cale of the experiment based on estimates. The base
ressure of the vacuum system from which the Rb cell
as made was �10−9 Torr. At the time the cell was sealed
sing an acetylene flame, the cell pressure was �1
10−7 Torr. We note that the vapor pressure of Rb at

oom temperature is �3�10−7 Torr. Absorption spectra
onfirm that under typical operating conditions, the pres-
ure in the cell can be increased up to �10−6 Torr. For a
ypical alkali atom, it is well known that the collisional
roadening rate for the principal resonance line is
10 MHz/Torr.25 Therefore, it is clear that collisional ef-

ects can be ruled out on the time scale of the experiment
�100 ns�. Similarly, based on the estimated amount of
esonant background light, we rule out the effect of deco-
erence owing to background light along the direction of
he excitation beams.

The experiment was carried out without optical pump-
ng into a single magnetic sublevel. Optical pumping is
xpected to increase the signal-to-noise ratio but is not ex-
ected to affect the lifetime, because all the magnetic sub-
evels of the excited state have the same radiative decay
ate.

. STUDY OF ECHO INTENSITY
he behavior of the echo intensity as a function of the ex-
itation pulse area is well understood in the absence of

ig. 6. Effective decay time due to transit time. Estimated cor-
ection to the decay time at the smallest beam size used is 0.03%,
ell below the sensitivity of the experiment. Range of beam radii
sed in the experiment is 500 to 1250 �m.

Fig. 7. Distribution of measurement points and Gaussian fit.
pontaneous emission.18 Since our experiment involved
ulse widths that are comparable to the lifetime and since
he excitation beams have a finite spatial profile, we can
xpect that the dependence of the signal intensity will dif-
er from the ideal case. Figure 8 shows the echo intensity
ersus the pulse area. This study is relevant to the life-
ime measurement, as it allows the determination of ex-
erimental parameters that result in the highest signal-
o-noise ratio. The quantity shown on the horizontal axis
s obtained by integrating the square root of the excitation
ulse intensities recorded by the photodiode and is there-
ore proportional to pulse area �. The results show that
he maximum echo intensity is obtained when the ratio
2/�1�1.2. In contrast, for the ideal case, the theory ig-
ores the effect of spontaneous emission and the temporal
nd spatial profiles of the excitation beams so that this
atio is predicted to be 2.

The theory must be modified to include the effect of
pontaneous emission and the Gaussian pulse shapes.18

he effect of the spatial profile can also be taken into ac-
ount by assigning a Gaussian distribution of Rabi fre-
uencies and averaging the response over the profile. The
etails of the simulations are presented in Appendix A.
he results of the simulations are shown in Fig. 9; they
re qualitatively consistent with the data presented in
ig. 8.

. CONCLUSIONS
n summary, we have carried out a measurement of the
ifetime of the 5P3/2 level in Rb precise to 1.14% that
grees with the most precise measurement for this tran-
ition. Since each data set shown in Fig. 4 takes approxi-
ately 30 min, it is realistic to accumulate data sufficient

or a 0.25% determination as in Refs. 5, 6, 8, and 9. This
ffort would require potential systematic effects to be re-
xamined at a higher level of precision. The work can also
e immediately extended to the 5P1/2 transitions, so that
omparisons with previous measurements are possible as
n Ref. 9. The absence of systematic effects as well as the
elative simplicity of this technique suggest that it is ex-
ected to be widely suitable for precision measurements
n atomic and ionic transitions that have relatively large

ig. 8. Echo intensity measured as a function of first pulse area
squares), while keeping the second pulse area fixed at signal

aximum; echo intensity measured as a function of second pulse
rea (triangles), while keeping the first pulse area fixed at signal
aximum.
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scillator strengths. Since laser sources have become
vailable in a wide spectral range, it is possible to imple-
ent this technique for accurate measurements of life-

imes in a variety of transitions.

PPENDIX A: MONTE CARLO
IMULATIONS OF THE PHOTON ECHO
he area theorem18 for photon echoes does not appear to
ave been studied under realistic experimental condi-
ions. The three examples discussed in this section allow
direct experimental test of the theorem.
To simulate the photon echo intensity, one can solve the

ptical Bloch equations for a large number of atoms, N,

ig. 9. Simulation of echo intensity as a function of pulse areas
or temporally varying Gaussian pulses, including the effect of
pontaneous emission and spatial intensity profile. These results
orrespond to case 3 in Appendix A. Ratio of the pulse areas that
ive maximum echo signals is �2 /�1=1.44±0.09. Error in the
easurement was computed from fit errors.
ith each atom described by a set of Bloch vectors. The t

z

T
l
v
r
s
b

ector sum of the Bloch vectors is proportional to the echo
mplitude. The square of the amplitude is proportional to
he echo intensity,

I�	t� 
 ��
i=1

N

ui�	t��2

+ ��
i=1

N

vi�	t��2

+ ��
i=1

N

wi�	t��2

,

�A1�

here 	t is the time with respect to the echo time �t= t1
t2+2T�, T is the separation between the two pulses, and

1 and t2 are the widths of the first and second pulses, re-
pectively. The population inversion w contains the differ-
nce between the excited-state and the ground-state
opulations. Components u and v are called the in-phase
nd in-quadrature components of the dipole matrix ele-
ent �d�, which can be expressed as20

�d� = 2�g	d	e�
u cos��Lt� − v sin��Lt��.

ere 	g� and 	e� are the ground and excited states, respec-
ively.

The optical Bloch equations under the rotating wave
pproximation (RWA) are given by the matrix equation18

�
u̇�t�

v̇�t�

ẇ�t�
 = �

0 − 	 0

	 0 �0�t�

0 − �0�t� 0
�

u�t�

v�t�

w�t�
 , �A2�

here 	��L−�0 is the detuning of the laser from reso-
ance and �0�t� is the Rabi frequency. The Rabi frequency

s related to the electric field envelope E�t� and the mag-
itude of the dipole matrix element by

�0�t� =
2�d�


E�t�.

f the Rabi frequency is constant in time, i.e., �0�t�=�0,
18
hen Eq. (A2) has an analytical solution :
�
u�t�

v�t�

w�t�
 = �

�0
2 + 	2 cos �t

�2
−

	

�
sin �t −

	�0

�2 �1 − cos �t�

	

�
sin �t cos �t

�0

�
sin �t

−
	�0

�2 �1 − cos �t� −
�0

�
sin �t

	2 + �0
2 cos �t

�2

�u0

v0

w0
 . �A3�
ere � is the generalized Rabi frequency given by

��	� = ��0
2 + 	2.

The photon echo occurs as a result of rephasing of the
elocity distribution excited by the first pulse. The veloc-
ty distribution produces a range of detunings within the
ample. In the simulation this distribution is assumed to
e Gaussian. The detuning is allowed to vary with veloc-
ty V along the direction of the laser beam,
	�Vz� = � +
Vz

�L
.

he wavelength of the laser was set to the resonant wave-
ength of the atomic transition, and the detuning at zero
elocity was set to �=0.001�, where �=3.7�107 s−1 is the
adiative rate of the atomic transition. The velocity is cho-
en pseudorandomly for each atom in a Gaussian distri-
ution centered at zero with a width defined by
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V0 =�2kBT
MRb

.

ere kB is the Boltzmann constant, MRb is the atomic
ass of Rb and the temperature of the atomic vapor, T,
as set to 20°C �273 K�.
The laser beam is assumed to have a Gaussian inten-

ity profile and is taken into account by letting the Rabi
requency vary with position as

�0�r� = �0e−�r/r0�2
.

he e−2 radius of the laser beam, r0, was set to 1 mm and
he position r was chosen pseudorandomly in a Gaussian
istribution centered at zero with a width of r0.
We have simulated the echo intensity as a function of

ulse area on three different cases: (1) with square pulses,
2) with Gaussian pulses, and (3) with Gaussian pulses
nd spontaneous emission. In all cases the simulation
akes into account the spatial dependence of the Rabi fre-
uency due to a Gaussian laser beam, and the Gaussian
istribution of velocities. The simulations were performed
y solving the optical Bloch equations for N=104 Bloch
ectors. The pulse areas of both the � /2 and the � pulses
ere varied by changing the width of the pulses and keep-

ng the amplitude fixed. Central values of t0=20 ns were
sed so that the areas are � /2 and � for the first and sec-
nd pulses, respectively. The pulse separation T was kept
onstant at 100 ns for all pulse widths in all three cases.

ase 1: Square Pulses
o simulate photon echoes with square pulses, the ana-
ytical solution to the optical Bloch equations under a
teady field was used [Eq. (A3)]. The problem can be split
nto four time intervals: (1) t� 
0, t1�, (2) t� 
t1 , t2�, (3) t


t2 , t3�, and (4) t� 
t3 , tmax�, where t1, t2, and t3 are
hown in Fig. 10, and tmax is sufficiently long to observe
he echo, which occurs near t= t3+ �t2− t1�. Within inter-
als (1) and (3) the default Rabi frequency is set such that
he pulse area was � /2 and �, respectively. In time inter-
als (2) and (4), the Rabi frequency is set to zero. The sys-
em is evolved from t=0 to tmax using the final conditions
t the end of each interval as the initial conditions for the
ext interval.
The Rabi frequencies were set using the following rela-

ions:

�1 = �1t0 =
�

2
,

Fig. 10. Square pulse sequence.
�2 = �2t0 = �,

here �1 and �2 are shown in Fig. 10. By setting �1
� / �2t0� and varying t1 from 0.2t0 to 2.0t0, the first pulse
rea is varied from 0.1� to 1.0�. Similarly, by setting �2
2�1 and varying t3− t2 from 0.2t0 to 2.0t0, the second
ulse area is varied from 0.2� to 2.0�. By plotting the
cho intensity [Eq. (A1)] against pulse area we obtain Fig.
1. Each point on the graph has been averaged over ten
eparate runs, each of which corresponds to an average
ver 1000 Bloch vectors. The error bars were computed
sing the standard deviation of the ten runs averaged to
btain each point. The result is effectively the echo inten-
ity for 104 Bloch vectors. The result is fit to the following
unction to obtain an accurate value of the pulse area that
orresponds to the maximum echo intensity:

F��� = A exp�−
�� − �0�2

2�2 � + B� + C, �A4�

here A, B, C, �, and �0 are fit parameters. This function
as a maximum occurring at �=�max, which is the solu-
ion to the equation

�� − �0�exp�−
�� − �0�2

2�2 � =
�2B

A
.

he solution can be approximated as

�max = �0 +
�2B

A
, �A5�

hich contains only fit parameters. Equation (A5) is used
o estimate the area for which the echo signal is a maxi-
um. An associated error for �max is computed using the

rror estimates from the fit parameter results:

���max�2 = ���0�2 + �2�B

A
���2

+ ��2

A
�B�2

+ ��2B

A2 �A�2

.

Thus, from the fits we find the peak areas to be �1
�0.561±0.005�� and �2= �1.063±0.003��. The ratio of

he peaks is then computed to be �2 /�1=1.894±0.019,
hich is significantly less than the analytical result18 of

ig. 11. Simulation of echo intensity as a function of pulse areas
or case 1. Ratio of the pulse areas that give maximum echo sig-
als is �2 /�1=1.89±0.02. Error in the measurement was com-
uted from fit errors.
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2 /�1=2. This result can be attributed primarily to the ef-
ect of the spatial profile of the excitation beam.

ase 2: Gaussian Pulses
o simulate photon echoes with Gaussian pulses we could
o longer use the analytical result of Eq. (A3), since the
abi frequency is not steady in time. Instead we numeri-
ally solved the optical Bloch equation (A2) with a Rabi
requency given by

�0�r,t� =��1 exp�−
�t − t01�2

2�1
2 � + �2 exp�−

�t − t02�2

2�2
2 ��

�exp�− � r

r0
�2� . �A6�

ere, �1 and �2 are the standard deviations of the Gaus-
ians. �1, �2, t01, and t02 are as shown in Fig. 12. The
WHM of the pulses (t1 and t2) can be expressed in terms
f �1 and �2:

t1 = 2�2 ln�2��1,

t2 = 2�2 ln�2��2.

y normalizing the Gaussians in Eq. (A6) with FWHM of
0=20 ns, the Rabi frequency amplitudes �1 and �2 are
ound to be

�1 =��

2

1

2�0
,

�2 = 2�1,

�0 =
t0

2�2 ln�2�
.

hen the pulse areas are

�1 = �2��1�1 =
�1

2�0
� =

t1

2t0
�,

�2 = �2��2�2 =
�2

�0
� =

t1

t0
�.

he FWHM of the pulses were varied from t1,t2

0.2t0 ,2.0t0� with a constant step size, which is equiva-

Fig. 12. Gaussian pulse sequence.
ent to varying the pulse areas from �1� 
0.1� ,1.0�� and
2� 
0.2� ,2.0��.

The results were fit to the same function [Eq. (A4)]
rom which the peak areas were extracted as �1
�0.584±0.021�� and �2= �0.993±0.009��, with a ratio of
2 /�1=1.701±0.063 (Fig. 13). The ratio has further de-
reased from 1.89 to 1.70, which can be attributed solely
o the effect of Gaussian pulses used in this simulation.

ase 3: Gaussian Pulses with Spontaneous
mission
o incorporate spontaneous emission into the simulation
he optical Bloch equation (A2) must be modified to in-
lude phenomenological decay constants18:

u̇�t� = −
u�t�

�2
− 	v�t�,

v̇�t� = 	u�t� −
v�t�

�2
+ �0w�t�,

ẇ�t� = − �0v�t� −
w�t�

�1
+

weq

�1
. �A7�

ere, �1=�−1 is the population decay time, �2=2�1 is the
oherence decay time, and weq=−1 is the value to which
he population inversion relaxes after long times due to
pontaneous emission.

The numerical solution to Eq. (A7) is averaged over a
arge number of atoms; the simulation is otherwise per-
ormed in the same manner as in case 2. The results of
his simulation are shown in Fig. 9. From the fits we find
1= �0.962±0.018�� and �2= �1.384±0.086��, with a ratio
f �2 /�1=1.438±0.093. The ratio decreases further in com-
arison with cases 1 and 2 solely due to spontaneous
mission. However, it is only qualitatively in agreement
ith the data presented in Fig. 8.
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